ABSTRACT This paper presents the numerical results of a code for computing the unsteady transonic viscous flow in a two-dimensional cascade of harmonically oscillating blades. The flow field is calculated by a Navier-Stokes code, the basic features of which are the use of an upwind flux vector splitting scheme for the convective terms (Advection Upstream Splitting Method), an implicit time integration and the implementation of a mixing length turbulence model. The first test case, which is a steam turbine cascade with entirely subsonic flow at nominal operating conditions, is the fourth standard configuration of the "Workshop on Aeroelasticity in Turbomachines". Here the application of an Euler method already leads to acceptable results for unsteady pressure and damping coefficients and hence this cascade is very appropriate for a first validation of any Navier-Stokes code. The second test case is a highly-loaded gas turbine cascade operating in transonic flow at design and off-design conditions. This case is characterized by a normal shock appearing on the rear part of the blades's suction surface, and is very sensitive to small changes in flow conditions. When comparing experimental and Euler results, differences are observed in the steady and unsteady pressure coefficients. The computation of this test case with the Navier-Stokes method improves to some extent the agreement between the experiment and numerical simulation.
INTRODUCTION
For aeroelastic investigations on highly-loaded and oscillating transonic turbomachine blade rows the first essential is the exact knowledge of the unsteady airloads. For this reason much theoretical work has been done in the last decade to develop methods which accurately predict the unsteady pressure, lift and moment coefficients of turbomachinery bladings vibrating in transonic flow.
Until recently, linearized aerodynamic methods have been developed and used as standard tools for routine aeroelastic design studies (Whitehead and Grant, 1980; Verdon and Caspar, 1984; Hall and Crawley, 1989; Kahl and Klose, 1993) . Although they meet the requirement of computational efficiency and in many cases produce reasonable results, their range of application is limited to unsteady flows in which strong compressibility and viscosity effects, like large amplitude shock movement and flow separation do not play an essential role.
Further improvement has been gained by the development of nonlinear Euler methods which may be regarded as a first step towards the solution of the Navier-Stokes equations. and Gerolymos (1988) were among the first to present a two-dimensional time-marching analysis for solving the non-linearized Euler equations, followed by similar publications of He (1989) , Huff (1991) , Peitsch et al. (1991) and Carstens (1991) . Recently, Gerolymos and Vallet (1994) , Peitsch et al. (1994) and Carstens (1994) presented extensions of their methods to three-dimensional flow.
The steadily growing capability of computers to perform arithmetic operations at an increasingly higher speed has stimulated the development of numerical methods for solving the complete set equations for unsteady viscous flow. Since the direct simulation of turbulence lies far beyond the computer capabilities available today, the Reynolds-averaged NavierStokes equations are solved together with an appropriate turbulence model. One of the first to provide a code for calculating the unsteady transonic viscous flow in turbomachinery bladings was Rai (1985) , who investigated stator-rotor interaction with this method. Further contributions considering the problem of an isolated oscillating blade row have been published by Siden (1991) , Giles and Haimes (1993) , He and Denton (1993) , Dorney and Verdon (1993) and Abhari and Giles (1995) .
The aim of this paper is to provide an insight into the capability of a Navier-Stokes code to predict unsteady aerodynamic coefficients required for flutter investigations. In former calculations of harmonically oscillating subsonic and transonic turbine cascades with Euler methods it was demonstrated that the measured unsteady pressure and damping coefficients were in some cases well predicted by the computed results, whereas in other cases significant differences were observed (Carstens et. al., 1993) . These differences obviously are due to dropping the viscous terms in the governing flow equations, i.e. phenomena such as flow separation and shockboundary layer interaction cannot be taken into account.
NUMERICAL METHOD Basic Equations
The strong conservation law form of the unsteady compressible two-dimensional Reynolds-averaged Navier-Stokes equations in transformed coordinates can be written in a nondimensional form as: 
The density, the Cartesian velocity components, the static pressure and the temperature are denoted by p, u, v, p and T, while it = 1.4 is the ratio of specific heats and p, Re, Pr are symbols for the dynamic viscosity, the Reynolds number and the Prandtl number. The Jacobian of the transformation is defined as J = (Grl y qz ) and U, V are the contravariant velocity components given as follows:
Assuming a thermally and caloricly perfect gas, the pressure, p, and the temperature, T, are related to the conservative variables Q by the equations p = (tc -1)p (E --1 (u 2 + v2 ) Beam and Warming (1976) . In order to make feasible the application of an approximate factorization scheme, the viscous fluxes are split into two parts : 
with RI and SI consisting of velocity and temperature den--vatives merely in the e-direction and R2 and 52 containing the corresponding terms in the 7j-direction. A first-order time accurate algorithm in delta form is then given by factorization algorithm and thus have to be calculated from the previous time-step:
Since the time integration for the harmonic blade motion has been performed with at least 800 (Euler) or 10000 (NavierStokes) time steps per period a first order scheme is sufficient to guarantee time accuracy. It was found that a second order accurate time integration does not change the pressure amplitudes or phases for the selected test cases.
The special method for determining QL and QR is the MUSCL approach (van Leer, 1979) where the state vector at the cell interface is obtained by upwind extrapolation between neighboring cell-centered values. The spatial discretization scheme used for the present investigations is the fully onesided first/second-order scheme (here in 4-direction at cell interface i
which is of first-or second-order accuracy for c = 0 or f = 1, respectively. Finally, the averaged cell interface values QA required to update the viscous fluxes are computed as
In order to simplify the solution of Eq. (18), the right hand side of this equation is computed with second order differences (c = 1), whereas the left hand side is computed with first order spatial accuracy (f = 0). This procedure yields a block-tridiagonal structure of the discretized implicit equations. It is easy to show that this manipulation does not alter the overall spatial accuracy of the scheme which is of second order.
Boundary Conditions
On the blade's surface the flow velocity is equal to the blade velocity. This means that v = 0 v = 0 for steady flow U = + (They -4Th) V = -Ther) for unsteady flow (22) Furthermore, adiabatic walls are assumed, which requires a vanishing temperature gradient, and the pressure gradient at the wall is set to zero
Smooth walls are assumed and consequently, the turbulent viscosity (pt ) waii is set to zero.
The implementation of inlet and outlet boundary conditions is accomplished by the method of Chakravarthy (1982) who proposed a quasi two-dimensional approach. Assuming that the in-and outlet boundaries are e=const.-lines, only the wave transport along the characteristics in the e -r-plane is taken into account, whereas the flux in the ii-direction is regarded as a source term. A description of the special application of this technique to steady and unsteady turbomachinery flow is given by Carstens (1991) .
Assuming that the axial flow component is entirely subsonic at the in-and outlet plane of the cascade, boundary conditions for steady flow are established by replacing incoming waves with fixed flow values, i.e. total pressure, total temperature and flow angle are prescribed at the inlet boundary while static pressure is kept constant at the outlet boundary.
GRID GENERATION FOR MOVING BLADES
The grid generation needed to compute the solution of the Navier-Stokes algorithm in a boundary-fitted coordinate system is obtained by a method presented by Carstens (1988) . The procedure used is an elliptic grid generation code based on the solution of Poisson equations, the basic feature of which is the possibility to control the line spacing and intersection angle of the grid lines at the physical boundaries.
The type of grid used for the casCade flow calculation is a line-periodic H-grid, where each grid point on the lower channel boundary has its counterpart on the upper channel boundary in the pitchwise direction. Hence an implicit code is easily introduced on the grid and the periodic boundary conditions can be imposed in an implicit manner.
Due to the strong velocity gradient normal to the wall, a viscous flow computation requires a sufficient density of those grid lines which run parallel to solid boundaries. Additionally, the calculation of the outer eddy viscosity coefficient in the Baldwin-Lomax turbulence model is simplified if the grid lines intersecting the wall are orthogonal to the other family of mesh lines. For this reason, a separate "boundary-layer grid" which matches the elliptic grid at its outer boundary has been generated algebraically (Fig. 1) .
The grid point displacement must be carefully organized for unsteady flow, i.e. for oscillating blades . As the blades (21) Nonreflecting boundary conditions are used for unsteady (20) flow, i.e. incoming waves (three at the inlet, one at the outlet boundary) have to be suppressed which is accomplished by setting their time derivative to zero.
The application of periodic boundary conditions is selfevident with a line-periodic H-grid (see next section), the type of computational mesh which is used here. Unsteady pressure distributions were measured in both cascades for tuned bending modes, i.e., heaving oscillations with the same frequency and amplitude but with a constant controlled interblade phase angle e. The reduced frequency ca* is given by are in relative motion to each other, the total grid has to be deformed to enable it to conform to the new position of the vibrating blades after each time step. An important feature of any unsteady grid generation is the control of the grid point speed in the interior field. For harmonic motions the timedependent grid is computed by harmonic interpolation (with respect to time) of a set of steady-state grids with different blade amplitudes. An interactive grid generation procedure is used for non-harmonic blade motions. In this case a new grid is calculated with the original grid generation algorithm after each time step, regarding the old mesh as an initial solution and the new position of the blades as changed boundary conditions. Since in the present method the unsteady cas- where TL is the wall shear stress. Since no information about transition was available from the experimental data, no transition model was incorporated into the code, i.e., the boundary layers along the blade walls were assumed to be fully turbulent. This assumption is supported by several test calculations which were performed a priori with either laminar-turbulent or fully turbulent flow. For the STC4 cascade a change from a laminar-turbulent (prescribed transition at 30 percent of chord length) to a fully turbulent flow does not lead to any differences in the computed pressure distributions. Calculating the design flow through the TCT3 cascade with a laminar-turbulent boundary layer (prescribed transition at 40 percent of chord length) laminar separation is obtained at the leading edge of the blade which indicates that the flow must have been fully turbulent. The off-design flow of this cascade is characterized by a measured separation bubble at the leading edge justifying again the assumption of fully turbulent flow. The geometrical data, the Table 1 .
Fourth Standard Configuration
Before comparing the results for unsteady flow, the computed data for steady flow must be validated because they are the starting point for unsteady flow calculations. The steady pressure coefficient is defined here with respect to the inlet flow values cp. = pPi (25) -where pi and pi , denote the measured static and total inlet pressure. Figure 2 shows the comparison between the experimental and theoretical steady pressure distribution. The agreement is generally good; only small deviations are noticeable at approximately thirty percent of the chord length on the suction side and on the aft portion of the blade's pressure side. It was found that the Navier-Stokes results are sensitive to the grid cell length at the trailing edge of the blade. For this reason the results have been computed with decreasing TECL-values (TECL= Trailing Edge Cell Length), two of which are presented here. The typical overprediction of the acceleration on the front part of the suction side which is confirmed by the computed results of Abhari and Giles (1995) , is less pronounced with the smaller cell length of 0.2 percent, a value below which no further changes in the pressure coefficient are observable. A possible explanation for this behavior is that the coarser grids produce a larger separation region on the pressure side of the trailing edge, which on the other hand, causes a displacement of mass flow to the suction side of the adjacent blade and therefore effect a stronger flow acceleration on this part of the blade.
The calculation of the unsteady flow variables for the tuned modes mentioned above has always been performed with the same technique. At rest in steady flow, the blades are started with the prescribed oscillation mode. The calculation is stopped when the peak values of the unsteady lift coefficient for two succesive periods of blade motion do not differ from each other more than 0.1 percent. Since the reduced frequencies for the regarded test cases are low, three or four cycles of blade motion were enough to drive the solution to the desired convergence. By applying a Fourier analysis to Fig. 5 . The pressure coefficient on the pressure side is well predicted by the Navier-Stokes and by the Euler code. As in the previous case, the pressure distribution on the suction side again significantly depends on the fineness of the grid at the trailing edge. Coarser grids effect an upstream movement of the shock due to the displacement of mass flow to the suction side of the blades. Again, for TECL-values below 0.25% no further changes of the flow values are observable. dL kedly closer to the experimental value. Due to the shockinduced separation bubble which effects a sudden thickening of the boundary layer, the shock moves upstream since the pressure gradient in front of the shock is fairly small.
In order to investigate the influence of the shock position on the unsteady pressure and lift coefficients, the exit pressure ratio was increased until the predicted shock position was almost identical to the measured one. To achieve this, the exit pressure ratio pzipt i has to be raised from 0.53 to 0.55 (4 percent of its original value). Figure 6 shows the corresponding steady pressure coefficients of the Navier-Stokes and the Euler calculations. Again, the shock position predicted by the Euler code is located too far downstream.
In Fig. 7 the unsteady pressure distributions are plotted for e = 180° and both exit pressure values. On the in good agreement with the experimental data. Furthermore, the unsteady pressure modulus and phase on the suction side are fairly well reproduced in the region in front of the shock, whereas the shock position as well as absolute pressure and phase in the region of the shock are not met satisfactorily by the theoretical results. When comparing Navier-Stokes and Euler results, the Navier-Stokes code produces the more accurate data with respect to the shock position where the best agreement is obtained with the higher exit pressure ratio P2/Pt1 =0.55.
The aerodynamic damping of the measured and computed results is depicted in Fig. 8 , where the experimental damping coefficients have been calculated from the measured pressure data. Since the unsteady pressure has been measured with only seven transducers on the suction side (only one transducer in the shock region) and six on the pressure side, the aerodynamic damping can be integrated only with some inaccuracy. The agreement between experiment and theory is satisfactory, although the absolute values of damping in the stable and unstable domains are overpredicted by the computed results. A further important result is obtained by comparing the theoretical results obtained for the two different values of P2/pt,. Both codes approximately yield the same damping coefficients, the consequence of which is that the shock position in this test case does not essentially influence aerodynamic damping. flow visualization it can be concluded that a separation bubble exists from the leading edge to approximately 30 percent of the chord length on the suction side. After the separation bubble the flow is accelerated to supersonic values and is recompressed by a normal shock at three quarters of the chord length.
The steady pressure coefficients which are depicted in Fig. 9 show that the separation bubble is correctly predicted by the Navier-Stokes code, whereas the Euler code, having reached the limit of its performance, produces a large nonphysical suction peak. In comparison to the experiment, both methods predict the shock too far downstream and produce a too high pressure level in front of the shock. Since this pressure level is slightly higher in the Euler results:which supports an upstream movement of the shock there exists no observable difference between the Navier-Stokes and Euler data with respect to the shock location. On the pressure side of the blade the computed pressure coefficients are, as in the previous cases, in agreement with the measured data. Fig. 10 . Here, the modulus, as well as the phase, of the computed unsteady pressure are in good agreement with the experimental values on the pressure side. The same is valid for the region on the suction side ahead of the shock with the exception that the absolute pressure is overpredicted at the position of the separation bubble, whereby the peak value of the Navier-Stokes results is 10 percent of the choid length behind the corresponding peak of the Euler result. At the shock the computed results of absolute pressure are significantly lower than the experimentally determined values, a fact which is explained by the higher calculated steady pressure coefficient in front of the shock. Figure. : phase Finally, the aerodynamic damping is presented as function of the interblade phase angle 0 in Fig. 11 . The agreement between theoretical and experimental damping is better than in the case of design flow. Since both codes correctly predict the pressure phase by cI) p Ps' 180° in the region of the separation bubble, i.e. the unsteady pressure at this position does not contribute to the aerodynamic damping, no larger differences are noticeable when comparing the Navier-Stokes and Euler results. Hence, the separation bubble in this test case does not influence the aerodynamic damping.
CONCLUDING REMARKS
A two-dimensional Navier-Stokes method for computing the unsteady transonic flow through vibrating blade rows has been presented here. The basic features of the existing code are the use of an appropriate upwind discretization of the inviscid fluxes (AUSM scheme), an implicit time integration The first configuration which was invesigated, namely the STC4 cascade of the "Workshop on Aeroelasticity in Turbomachines", was merely used for code validation. Comparison between the experimental data of this turbine configuration with the theoretical values clearly shows the capability of the newly developed viscous method to correctly predict unsteady pressure and damping coefficients for non-separated shockfree flow. Additionally, it was shown that the fineness of the grid at the trailing edge considerably influences the steady and unsteady flow on the suction side.
The results of the second test case, the transonic gas turbine cascade TCT3, demonstrate the capability of the new code to simulate flow separation as well as shock boundary layer interaction. This conclusion may be drawn from the Navier-Stokes results for steady flow where the shock position for design flow is predicted markedly closer to the measured location by the viscous method than by the Euler code. Furthermore, the large separation bubble at the leading edge for off-design flow is well reproduced by the Navier-Stokes method. The unsteady pressure and damping coefficients predicted by the new code are in satisfactory agreement with the experimental data for design as well as for off-design flow, but are closer to the Euler results than to the measured data. Finally, it was found that the leading edge flow separation (off-design flow) as well as the shock position have only little influence on the arodynamic damping of the blades. 
